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Abstract 

We prove a generating function formula for the Betti numbers of Nakajima quiver varieties. We prove 
that it is a ^-deformation of the Weyl-Kac character formula. In particular this implies that the constant 
term of the polynomial counting the number of absolutely indecomposable representations of a quiver 
equals the multiplicity of a a certain weight in the corresponding Kac -Moody algebra, which was conjec- 
tured by Kac in 1982. 

Let r = (/, E) be a quiver that is an oriented graph on a finite set / = {1, . . . , n} with E G I x I a finite 
multiset of oriented (perhaps multiple but no loop) edges. Given two dimension vectors v = (v,) e W and 
w = (Wi) e W Nakajima [[T3llT4| constructs, as holomorphic symplectic quotient, a complex variety Ai(\, w) 
of dimension 2(iv,w, which we call a Nakajima quiver variety. In [|T5l Nakajima found a combinatorial 
algorithm to determine the Betti numbers of these varieties. 

Here we prove and study the following generating function of Betti numbers of Nakajima quiver varieties. 

Theorem 1 Fix w e N^. Denote bi(M(\, w)) := dim (//'(A1(v, w))). Then in the notation of ^ 

y (n»,,..^'"-")(n,.,^'"-") ^„ 

J] J]i,.(A1(v,w))/-.-'X- = J— '— (1) 

'•=0 II(iJ)e£¥ 



The method of the proof is, as announced in IIH, arithmetic Fourier transform for holomorphically sym- 
plectic quotients. It proceeds by counting points of A1(v, w) over finite fields using a Fourier transform 
technique, then showing that the mixed Hodge structure on H*{M(\, w)) is pure and concludes by apply- 
ing Katz's result [6, Appendix, Theorem 6.2] connecting the arithmetic and the cohomology of so-called 
polynomial-count varieties. 

The other theme of this paper is a combinatorial study of the formula ([U). Using the main result of [[T4| we 
prove that the Weyl-Kac character formula is the q = specialization of ([T]). We then interpret Hua's formula 
|[7, Theorem 4.9] as a t^-deformation of the Kac denominator formula for the denominator on the RHS of 
(dl). This in particular implies for or 6 that the constant term of Kac's A-polynomial counting absolutely 
indecomposable representations of a quiver of dimension a over a finite field agrees with the multiplicity of 
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a in the Kac-Moody algebra g(r) associated to the quiver. This complete^ a proof of Kac's IfTOl Conjecture 
1]. This conjecture was known for finite and tame quivers IfTOll . and for all quivers with a indivisible UJ by 
study of similar quiver varieties, but was not fully known for any single wild quiver. 

Acknowledgment. I am grateful for Hiraku Nakajima for suggesting the possibility of the application of 
(dl) for Kac's conjecture, for Fernando Rodriguez- Villegas for drawing my attention to Hua's work, for Nick 
Proudfoot for introducing me to Kac's conjecture and an anonymous referee for useful comments. My re- 
search into the Betti numbers of Nakajima quiver varieties started during the "Geometry of Quiver varieties" 
seminar Q at UC Berkeley in Fall 2000, where I learned a great deal from the speakers of the seminar. This 
work has been supported by a Royal Society University Research Fellowship, NSF grants DMS-0305505 and 
DMS-0604775 and an Alfred Sloan Fellowship 2005-2007. 

1 Arithmetic Fourier transform 

Fourier transform over finite vector spaces. Let K be the finite field on ^ = p' elements, where p is 
a prime. Let V be a finite dimensional vector space over K. Consider the finite abelian group underlying V. 
The set of characters 

V -Ix-.V ^C^l xivi - V2) = Xivi)xiv2r' for all v,weV} 

forms a K- vector space by the definitions;^ - ^ = X^~^ ^ ^iid axiy) = xij^v), where a e K and v e V. We 
have \ V\ = \V\, where \S \ denotes the cardinality of any finite set S . The orthogonality relations on characters 
of finite abelian groups say that 

^X\(y)x2(y) 

veV 

and dually 

^x(yi)x(y2) 

The Fourier transform of a function / : V ^ C is defined to be the function f :V ^ C 

veV 

With this definition we find that for diny x\,X2 e V 

veV 

where for any element of any finite abelian group w eW,we denote the delta function : W ^ C, given by 
6w(v) = unless v = w when (5„.(w) = 1. Thus for any;^^ e V we have 

X = \V\"'6-x- (2) 

'After this result and Theorem[T]were announced in ||4l Mozgovoy in lfT2l found an alternative proof of Theorem[T]by combining 
G] and Q . Our proof is independent of |[T] and gives a more general approach to calculate the Betti numbers of holomorphic 
symplectic quotients of vector spaces by linear actions of reductive groups. 



1^1 Xi = -X2 
ow 



1 \V\ Vi = -V2 

\ ow 
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We can think of an element v e V as a character v : V given by v(x) '.= this way we can 

identify V = V. Thus the Fourier transform of a function g : V ^ C becomes g~ : V — > C with the formula 

8(v) = \V\-"^Yj8(x)x(v). 
For any f : V ^ C and x e V we have the Fourier Inversion Formula 

m = \v\-' J] Yj /(^m^mv) = \v\-' 2 m\v\s..M = f(-x). (3) 

v€V ^gy veV 

In order to identify V with V* we fix *P : K — > a non-trivial additive character in the remainder of the 
paper. For w e V* we consider the character : V —> which at v e V is given hy Xw(v) '■= *F(w(v)). 
Consider the map '■ V —> K given by n^iv) = w(v). When w the linear map n„ is surjective and so 

v€V xeK nyr(v)=x x€K 

as *P is a non-trivial character of K; therefore xo and so;^'^! = Xw2 if and only if wi = w^. Thus w t-^ Xw 
indentifies 

V* = {x.U.v' = V (4) 

because \V*\ = \V\ = \V\. 

Counting solutions of moment map equations over finite fields. Let G be an algebraic group over K, g its 
Lie algebra. Consider a representation p : G — > GL(V) of G on a K- vector space V, inducing the Lie algebra 

representation g : gI(V). This induces an action p : G GL(M) and ^ : g -> gI(M) on M = V x V*. The 
vector space M has a natural symplectic structure; defined by the natural pairing (v, w) = w(v), with v e V 
and w e V* by the formula: 

io((VuWi), (V2,W2)) = W2(Vi) - W2(Vl). 

With respect to this symplectic form a moment map 

^ : V X V* ^ g* 

of p is given at x G g by 

<//(v, w),x) = {q(x)v, w). (5) 
This fi is indeed a moment map because if for an x G g we introduce : M ^ K by 

f(vuwi) = {fi(vuwi),x) (6) 

and take the constant vector field 7 on M given by (v2, W2) g M then 

dfL^,)(Y) = mvi,wi) = F<£.(x)vi,wi) = 

= {g(x)v2,wi) + {g(x)vuW2) = -{v2,g*(x)wi) + <£>(x)vi, W2) = a>(g(x)(vuwi), (v2, W2)), (7) 

which is the defining property of a moment map. 
Our main proposition determines 

M0-= 2 ^Mv,w)(^) 
(y,w)€M 
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the number of solutions (v, w) e V x V* of the moment map equation ju{v, w) = ^ for a fixed ^ e g*. The main 
observation is that the Fourier transform of #p : g* ^ C considered as an N c C-valued function on g* is a 
simple function on g. Indeed for x e g we find 

(v,w)eM 



(i',vv)eli 



(i',H.')el! 



(i',w)eM vsV weV* I'eV 

= \Qn^\ap{-x) (8) 
where we used the notation : g ^ N c C given at x e g by 

agix) := ^ So(p(x)v) = \ ker(^(x))|. (9) 



veV 



In particular ag(X) is always a power of q. Taking Fourier transforms of both sides of dH) and using ([3]) we 
get our main proposition: 

Proposition 2 The number of solutions of the equation jxiy, w) = ^ over the finite field equals: 
#{{v,w) e M I iu(v,w) =^}= #,(0 = \Q\-"^m,(^) = \Q\-'\Y\J]a,(xm{x,0) 



2 Nakajima quiver varieties 

These varieties were introduced and studied in lfT3l[T4| . here we go through the definitions and for the sake 
of self-containedness we reprove some results we need later. 

Let r = (/, E) be a quiver, i.e. an oriented graph on a finite set / = {1, . . . , n} with E c Ixl a finite multiset 
of oriented (perhaps multiple and loop) edges. We will think of E as an abstract finite set together with source 
and target maps s,t : E ^ I so that the oriented edge e = (s(e), t{e)) e I x I. To each vertex i of the graph 
we associate two finite dimensional K vector spaces and Wi. We call (vi, . . . , v„, Wi, . . . , w„) = (v, w) the 
dimension vector, where = dim(y,) and = dim(V7,). To this data we associate the grand vector space: 



Vv,w = Hom(y,(,), y,(,)) e Hom(w,-, y,). 



;•£/ 



the group and its Lie algebra 



iel 

gv = QWiX 



iel 



and the natural representation 



with derivative 



Pv,w : Gy GL(Vv,„), 



t'v,w : gv gi(Vv,„). 

The action is from both left and right on the first term, and from the left on the second. We will also need the 
double representation 

Pvw '■= Pv,w xp*^ : Gv GL(Vv,w X V*^), 
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with derivative: 

Concretely, if (v, w) e Vv_„ x V*^ is given by 

i^e^ lit Be, Ji)eeE,ieI,t 



(10) 



where e \iom{Vs(e), ym), e Hom(y((e), V^^e)) ior e e E , /,• e Hom(V7;, V,) and 7,- e Hom(y,, W,) for / 6 / 
and g = (gi),ei G Sv, where gi e GL(y,) and finally x = (Xi)iei 6 Qv, where x, e gI(V,) then 



Py,w(.?)(^' = (Py,w(^)(v),pC,„(g)(w)) = (g/(e)Aeg,('^),g;/,-,g,(,)5<,g,(^),y^,. ^)^gi7^,g/,. 



and 



g^^^{x){v, W) = (t)v,w(-^)(v), g*y^y,(x){w)) = (Xt(e)Ae - AeX,(^e), xji, - BeXt(e), -J Xi)eeE,ieI- (1 1) 

We now have Gy acting on Mv,w = Vv,w x V* ^ preserving the symplectic form with moment map 
given by 

(;iy,„(v, w), x) = <^v,w(^)v, w). 
Concretely if (v, w) e Vv,w x Vv,w is given by (flOl) . then we can choose 



(12) 



yUv,w(v, W) = 



where we identify any element x = (x,)(e/ £ 9v with the linear form x* : Qy — > K given by 

X (.iyi)iei) = Yj ^^(^'3^') ^ 



(13) 



Lemma 3 Let w = and v e arbitrary. For A e let A\y = {AIdv^ , . . . , Aldy,, ) e Qv Further assume 
char(K) -f 2(=i v,- or equivalently Ok 1k(Zi=i v,). T/zen equation /iv o(v, w) = /II* a solution if and 
only z/v = 0. 

Proof. As w = by (fTT|) we have ^3v,o(lv)(v) = 0. Now assume yUv,o(v, w) = /II* then by ([T2)) we have 

^ V,- = <//y,o(v, w), 1,,) = <^v,o(lv)v, w) = 0, 

ie/ 

thus char(K) | X/e/Vi- □ 

Proposition 4 Le? w, v e N' arbitrary and char(K) = or char(K) > 2ie/ v,-. For /I e K^, and a solution 

Hy,y,{V,W) = All (14) 

assume that for a x & a,y 

Qy,y<{x){v,w) = Q (15) 

then jc = 0. 



Proof. Let V[ := im(x,) < V, with dimension v^. As ^y^(x)(v, w) = we have that JiXt = for all / e / and 
so Ji is zero on V'. < V,. On the other hand we also have that x,(e)Ae - AeXs(e) = which implies that maps 
V;^^) < to Ke) ^ ^t{e) and similarly Be maps V/^^^ < V,(e) to V^'^^^ < Vs(e)- Finally ii; restricts to Al^,. Thus 
a solution of (fT4)) reduces to a solution of //v',o(v',w') = /II*,. By our assumption on the characteristic of K 
and Lemma [3] we have that 2,e/ = or equivalently x = 0. n 

Corollary 5 Let w, v e arbitrary and char(K) = or char(K) > 2,e/ v,-. Assume that a solution of (fT4l) is 
invariant under g e Gy, then g = ly. 

Proof. We have Py^yf(g)(v,w) = (v, w) and so g - ly e Qy satisfies Qy y^ig - ly)(v,w) = thus Proposition |4] 
implies g = ly. □ 

Corollary 6 Let w, v 6 arbitrary and either char(K) = or char(K) > Yjiei V;. Then the derivative 

g; (16) 

is surjective if and only w(x)(v, w) = implies x = 0. In particular at a solution (v, w) of (fT4l) the derivative 
(fT6l ) is surjective. 

Proof. The map r(v^vv)/^v,w is not surjective if and only if there exists x e Qy such that for all Y e T(^^,^^^,)My^y, 

= r(,,,)//y,,(F)r = Yipy^y, o J'^) = d f^Y) = co{g{x){v , w) , Y), 

which holds when y,{x){v, w) = 0, io being non-degenerate. Here f^ is the function defined in Q while the 
last equation follows from the moment map property ([7]). This proves the first statement. 
The second statement follows from the first and Proposition IH □ 

Now we assume K is algebraically closed and either char(K) = or 

char(K) > _^v,. (17) 

iel 

For /I 6 K we take Aly = {Aldy^, AldyJ 6 (Qy)'^\ and define the affine variety 

^^(v,w) =;u;U^ly). 

For Z e Z we define the character : Gy ^ x'(s) = F[;e/det(^,y. With these we can define 

K m(v, w)f-^' :=[feK [%(v, w)] \f(g(x)) = x\g)f{x) for all x e ^,(v, w)) , 

so ®„gpj K ['y^(v, w)]*^^'^'" becomes an N-graded algebra and so we can define the Nakajima quiver variety 
lfT4l as the GIT quotient: 



Atu(v, w) = Proj 



0Km(v,w)]°-^"' 



For now we note that as an affine GIT quotient 

Mo,i(v,w) = Spec(K[^,(v,w)]°^) = ^,(v,w)//G, 
is an affine variety. Exactly as in [14^ Corollary 3.12] we get that Ali,i(v, w) is non-singular of dimension 



"^dy w — 2 



^ V,(,)V,(^) + ^ ViiWi - Vi) 

\ eeE iel 



(18) 



for all A. We also have 

Lemma 7 For A the variety A1o,.i(v, w) is non-singular of dimension 2Jy „ and hence Mi^,i = Moj. 
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Proof. First we note that by Corollary [6] at a solution of (fT4l) the derivative (fT6l) surjective. This shows 
that "ViCv, w) = jX^^^iXly) is non-singular of dimension dim(Mv,w) - dim(g*). Now by Corollary [5] the action 
of Gv on 'y^(v, w) is free, and therefore the quotient A\(\a = w)//Gv is non-singular of dimension 

dim('y^(v, w)) - dim(Gv) = 2dy^^. 

Finally by the GIT construction we have the map A1i,i(v, w) — > M(xa, which is proper and a resolution of 
singularities. Consequently it is an isomorphism. □ 

Theorem 8 When K = C the mixed Hodge structure on the isomorphic cohomologies H*{Mifi(\, w)) = 
H*(,Mo,i(\, w)) is pure. 



Proof. The proof is similar to [|51 Proposition 2.2.6]. We define the map p : Mv,w x C ^ g* by 



yU(V, W, Z) = Py,y/iV, W) " ^ly- 



We then take "V := p and define: 



Ml := Proj 



where we extended the Gy action trivially over C. The forgetful map /(v, w,z) = z induces a map / : Mi — > C. 
Now, similarly to [[T4l Corollary 3.12], one can prove that Mi is non-singular. Also / is a submersion as 
d,p = ly. Finally we have the -action 

A(v,w,z) = (Av,Aw,Ah) (19) 

descending to a C^-action on Mi. We have the natural C^-equivariant proper map Mi — > Mq where Mq : 
Spec['y]'^^ is the affine GIT quotient, with the C^-action given by (fT9l) . It is clear that the fixed point set 
(My w X C)'^'' = {0} consists of the origin, and also that every C^-orbit on My x C will have the origin in 
its closure. It follows that the action on Mq will have a single fixed point - the image of by the quotient 
map- and all C^-orbits on Mq will have this single fixed point in their closure. It follows that is proper 
and for any x e Mi the lim^^oZ'^ exists. The statement now follows from [Si Appendix B]. □ 

Now we can determine the Betti numbers of quiver varieties. 



Proof of TheoremU} The strategy of the proof is the following (cf. ^ §2.1, Appendix], [T. §2.5]). First we 
construct a spreading out of A1o,i(v, w)/C. In other words we construct a scheme J/ over a finitely generated 
Z-algebra R together with a homomorphism (p : R ^ C, such that the extension of scalars gives J/^ = 
A1o,i(v, w)/C. Then for any homomorphism (p : R ^ ¥^ to finite fields we will use Proposition|2]to count the 
number of rational points }/^{¥g) and find it is a polynomial E{q) in q. Then Katz's [6, Theorem 6.1.2.3] will 
imply that the so-called ^-polynomial satisfies £'(A1o,i(v, w); x,j) = E(xy). Combining Theorem [8] and jS] 
Proposition 2.5.2] we can deduce that 

Eiq) = Yjb2i{MQ,i{yMIC)q''--\ 

i 

which will yield Theorem [U 

So let D = X v; and let 7? := Z[^]. The choice of 7? will ensure that there is a homomorphism ip : R 
if and only if char(K) satisfies (fT7]) . We can now construct everything My,„(i?) Gy{R) and g*(i?) over R, so 
that we will have /Zy,w : My ^(i?) Q*y{R). The easiest is to think in terms of the explicit form (fT3l) for py y,. 
Let X be the closed afline subscheme of My ,y(^) given by the equations py^y,{v,w) = ly. This is clearly a 



7 



spreading out of 'Vi(\,w)/C. We can now define if = Spec(R[^Y]*^^'^'^'). As the natural map ^ : i? ^ C is a 
flat morphism lfT6l Lemma 2] implies that J/ is indeed a spreading out of Alo,i(v, w)/C. Now if (p : R ^ ¥q a. 
homomorphism then by Corollary [5] Gv(F^) acts freely on 'Vi{\, w)(Fg) so we have (cf. |l6l proof of Theorem 
3.5.1]) that 



l^i(v,w)(F,) 



|Gv(F,)| 

For w e we will determine the grand generating function 



y l%(v,w)(F,)| |g,| ^ y y a^^^(xm^^, = V V ^gv.w(^)^(trv(x)) 
^^^-Z. |G.(F,)| |V.,.| -l^l^ |G.(F,)| I^-^I 

Here we first applied our main Proposition [21 to get 

and then rewrote the sum over Qy/Gy the set of Gy orbits on with Cx c Gy standing for the centralizer of x. 
We also used the notation 

= n,^/^'. (21) 

To understand now (|20l) we should recall some basic linear algebraic facts for the collection x = ixi)iei of 
linear endomorphisms. Any linear endomorphism e gI(V,) decomposes as x^'^ ® x'^''^ on the decomposition 
Vi = N{xi) ® R{xi), where N{xi) = ker(x[') and i?(x,) = im(x['). By construction x"^"^^ will be a non-singular 
transformation on R(xi), while x'"' will be nilpotent on N{xi). Similarly to [2, Lemma 1] it is straightforward to 
check that if e ker(|Ov,w(-''^)) c Vv,w then (p preserves the decomposition Vi = N{xi) © R{xi) and Wj = Wi © 0. 
Consequently, we have a^^^^ix) = a^^,,_, ^{x"")a^^,,,/x''''>^), similarly T(trv(;c)) = 'i'(tr:yn.i(x"''W{tiMx'''^)) = 
^(tryreg(x'''^^)) as trymi{x"'') = 0, and clearly \Cx\ = |Cy"'llCx"-s|. Finally observe that if .jc = x"'^ is nilpotent 

^(trvW) = l. 

Now we can factor as 

0(w) = 0„,Kw)0„,. (22) 
Here we used, for a dimension vector w e the generating functions 

ve/N [.v]e(gy/Gy)'"' 

and 

"^-^ - Zj Zj ^ ^ • 

Finally we note, that when w = Lemma [3] implies that 0(0) = 1 and so (|22l) yields O^g = giving 
the result 

We are left with understanding <I>„;/(w), which reduces to some explicit formulae for which we will need some 
new notation. 

Let Vi and V2 be finite dimensional F^ vector spaces of dimension vi and V2 respectively. Let A' = 
(/Ij, /Ij, . . . ) be a partition of v,, i.e. v,- = A\ + A'2 + . . . and A\ > A'2 > . . . are positive integers. Let Xi e gl(y,) 
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be a nilpotent endomorphism of type A', in other words a nilpotent endomorphism with Jordan normal form 
consisting of nilpotent Jordan blocks of size A'j. If C^^ = {g & GL{Vi)\gXi = Xig} denotes the centralizer of Xi 
then it follows from [jVl Theorem 3.4] 

mk(A') 

k j=l 

where mi,(Ai) is the multiplicity of the part k in the partition Aj, i.e. Aj = 2'"^^'^'\ . . . ) in the mul- 

tiplicity notation of partitions. Furthermore for any two partitions A^ = (1™'^'^ \ 2'"^^'' \ . . . )) and A^ = 
(V"'^^'\ 2'"2('^'), . . . )) we use the notation 

(A\A^) = min(/, j)miiA')mjiA'). (24) 

'J 

Then it follows from [|71 Lemma 3.3] that 

|{A e Hom(yi, VjMX^ = X2A}\ = q^-^'-^'K 
In particular when A2 = (T-) i.e. X2 = 0, we get 

\{A e Hom(yi, V2)\AXi = 0}| = q^^^'^^'K 
These results put together lead to the required combinatorial formula: 

Via (l23l) we obtain a formula for the generating function for ["yiCv, w)(F^)|. This shows that I'V^v, w)(F^)| is 
a rational function in q, but as it is an integer for any prime power q (satisfying (flTl) ') it has to be a polynomial 
in q. Therefore Katz's [6, Theorem 6.1.2.3] applies and yields Theorem [2l □ 



3 Solution of Kac's conjecture 

A representation of Y over a field K is a collection of finite dimensional K- vector spaces {y, },e/ and linear maps 
{<Pe}eeE such that (fie £ Hom-KiV s(e) , Vt(e))- The dimension vector a eM' encodes the dimensions a, = dimK(V;)- 
The building blocks of representations of Y are the indecomposable ones, that is ones that cannot be written 
as a non-trivial direct sum of two representations. Kac proved in |[9l Theorems 1,2] that there exists an 
indecomposable representation of Y of dimension vector a if and only if a is a root of a certain Kac-Moody 
Lie algebra g(r) associated to Y. 

When the field K is not algebraically closed, like the finite fields we will focus in this paper, then 
it is natural to study absolutely indecomposable representations of F, that is ones that are indecomposable 
over the algebraic closure K. Kac in [ITOl introduced the number Ayia, q) of indecomposable representations 
of F over the finite field K = F^ of dimension vector a. He proved filO> Proposition 1.5] that Ar(a, ^) is a 
polynomial in q with integer coefficients. He went on to conjecture ffTOl Conjecture 1] that the constant term 
of this polynomial Ayia, q) captures more information on the associated Kac-Moody Lie algebra: 

Conjecture 1 (Kac) The constant term 

Ar(a, 0) = ma 

equals the multiplicity of the weight a in g(F). 
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The Kac-Moody algebra [jSl is constructed from the Cartan matrix of the quiver as an analouge of a 
simply-laced simple Lie algebra, which arise from the ADE Dynkin diagrams. Instead of giving details of 
that construction we give a combinatorial definition of the numbers ma. Let (a,),e/ be the standard basis of Z'. 
Define a bilinear pairing on Z' by setting (a,, aj) = 6ij - y, where bij is the number of edges of F between i 
and j. One defines the reflections r,- : Z' Z'hy r,(/l) = /l-2(/l, a,)^,. The subgroup W = ((r,),e/) c Aut(Z^) 
generated by these reflections is the Weyl group. Extend now the action of W to the lattice Z' © Zp by 
riip) = P - Oii- For any w e W we, have p - w{p) e W \ {0}. So if for an a = 2; hod £ we write 
X" = Yliei^f then we can write the product expansion of the following sum 

^ det(w)X''~''^^ = n ~ ^^^^ 

defining the integers ma. When ma is defined through the usual route as the multiplicity of the weight a in 
g(r), (|25l) is called the Kac denominator formula. 

There is a similar generating formula encoding the coefficients of the A-polynomial due to Hua 0. If 
Aria, q) = 2y t"^^ then we have [17] Theorem 4.9] 

Theorem 9 (Hua) If for a collection of partitions A = (/i,),g/ e P' we denote the vector \A\ = (|/lil),e/ e of 
the sizes of the partitions, then 



As Hua points out in ^ [Corollary 4. 10] if one could show that the ^ = evaluation of the combinatorially 
defined LHS of (|26|) would agree with the combinatorially defined LHS of (|25]) then one would have that 



CO CO 



^ ]~[ (1 - X")""" = Y](^- ^"f' (27) 



AeP' cteN'' 

the q = evaluation of the RHS of (|26l) agrees with the RHS of (l25l) . In turn, by comparing coefficients, (|27]) 
implies Kac's Conjecture [T] that ma = t^. However the combinatorial expressions on the RHS of (1251) and 
(|26|) are difficult to evaluate in practice [T71 [Dj . 

In this paper we take an alternative route to prove (|27]) and thus Conjecture[I]by relating the RHS of (1251) 
and (|26l) to the denominator of the Weyl-Kac character formula. Recall the notation from [14, §2]. Thus 
P denotes a finitely generated free Z-module, the weight lattice. Let P* = HomzCP, Z) with natural pairing 
{,) : P X P* ^ Z. Now a, e P (i=l..n) are the linearly independent simple roots. Let Q = Z} = Z[ai, . . . , «„] 
be the root lattice, we have encountered above. Have a symmetric bilinear form (, ) on P such that the coroots 
hi e P* given by (/z,-, /I) = (a]^, X) satisfy that a^) = Sij - y. Thus the root lattice Q = Z' will inherit the 
pairing we already introduced above. Finally we pick A, e P for i = I, . . . ,n such that (/ly, A,) = 6ij. For 
w e we introduce A^ = W/A,-. Finally we can define reffections ri : P ^ P given by r,(/l) = A-{A, ai)ai, 
which then generate the Weyl group W. It is clear that the root lattice Q is left invariant and the induced action 
of W is the one we encountered above. Note also that Ai = 2, A, plays the role of p introduced above. 

Now the Weyl-Kac character formula [8, Theorem 10.4] says the following: 

Theorem 10 (Kac) Let L(A) be an irreducible representation of g(r) of highest weight A e P. Let L(A) = 

®Q.gN'MA)A_Q, denote its weight space decomposition. Then 

da{w)X^^P~''^^^P^ 

y dim (L(A)a_J X" = (28) 

^' 2j^^t(w)XP-(p) 

weW 
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Nakajima in [[T4l| gives a geometrical interpretation of the irreducible representation L(A), and in turn to 
the LHS of (|28]) using his quiver varieties. In the special case ofx = [fT4l Theorem 10.2] implies: 

Theorem 11 (Nakajima) Fix w e then 

J] dim(//2^-(>M(v, W))X^ = 2 dim(L(A,)A„_,)X« (29) 

veN' aeN' 

We notice that the denominator of the RHS of ([U) agrees with the LHS of Hua's (|26l) . On the other hand 
by Theorem[T]and Nakajima's (|29l ) we have 

(LHS of 0)^=0 = LHS of (|29l) = LHS of (30) 

for every A„ = A. For m e N take in particular w = ml then A,„i = mp. Then by applying the Kac 
denominator formula (|25l) for both the numerator and the denominator we get 



Zdet{w)X^"''^ ^ )p- w(()n+ 1 )p) 

weW 

Thus when we take the limit m — > oo we get 

lim ((RHS of m)A=,np) = TT^T^- (31) 

Because for a partition /I' of n > we have </l,, 1'") > m and so in the m ^ oo limit the numerator of the RHS 
of (dl) tends to 1 therefore 

lim ((RHS of 0)w=„d) = • (32) 



^n,-e/(^<'''^'>mnjf^(i-r^)) 



Now the combination of (l32l) . (|26|) . (|30l) . (I28l) . (|3T]) yields (|27]) . which, as explained there, implies Conjec- 
ture [IJn 
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